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ON THE STANDARD POISSON STRUCTURE AND A FROBENIUS
SPLITTING OF THE BASIC AFFINE SPACE
JUN PENG AND SHIZHUO YU
Abstract. The goal of this paper is to construct a Frobenius splitting on G/U via the Poisson
geometry of (G/U, piG/U), where G is a simply-connected semi-simple algebraic group defined
over an algebraically closed field of characteristic p > 3, U is the uniradical of a Borel subgroup
of G and piG/U is the standard Poisson structure on G/U . We first study the Poisson geometry of
(G/U, piG/U). Then, we develop a general theory for Frobenius splittings on T-Poisson varieties,
where T is an algebraic torus. In particular, we prove that compatibly split subvarieties of
Frobenius splittings constructed in this way must be T-Poisson subvarieties. Lastly, we apply
our general theory to construct a Frobenius splitting on G/U .
1. Introduction and statements of results
1.1. Introduction. Let G be a simply-connected semi-simple algebraic group over an alge-
braically closed field k and U the uniradical of a Borel subgroup of G. The quasi-affine variety
G/U is called the basic affine space. When k = C, there exists the well-known standard Poisson
structure πst on G, which has its roots in the theory of quantum groups (see [3] [8]). The stan-
dard Poisson structure πst projects to a well-defined Poisson structure πG/U called the standard
Poisson structure on G/U .
Let T be a complex torus. A T-Poisson manifold, defined in [16, Section 1.1], is a complex
Poisson manifold (X,πX ) with a T-action preserving the Poisson structure πX . A T-Poisson
manifold gives rise to a decomposition of X into the union of T-leaves of πX , a term defined in
[16, Section 2.2]. Every single T-leaf in (X,πX ) admits a non-zero anti-canonical section on X
called the Poisson T-Pfaffian, a term suggested by A. Knutson and M. Yakimov (see [16, Section
1.1]). When k = C, G becomes a complex semi-simple Lie group. Let T be a maximal torus of
G normalizing U . The left translation of T on G/U makes (G/U, πG/U) into a natural T -Poisson
manifold. Although J.-H. Lu and V. Mouquin develop a general theory (see [16, Section 1.5]) to
compute the T-leaves of a class of T-Poisson manifolds, the case (G/U, πG/U) is an exceptional
example. Using the Bruhat decomposition on G/U and some propositions about the so-called
T-mixed Poisson structures (see §2.3), we figure out the T -leaf decomposition of (G/U, πG/U).
Let X be a scheme defined over an algebraically closed field k of positive characteristics. In
1985, Mehta and Ramanathan introduced in [19] the notion of Frobenius splittings on X as
a OX -linear map ϕ : F∗OX → OX that splits F ♯ : OX → F∗OX , where F is the Frobenius
endomorphism of X. They proved that both Bott-Samelson varieties and Schubert varieties
are Frobenius split and obtained a cohomology vanishing result for line bundles on both Bott-
Samelson varieties and Schubert varieties as a consequence. See [13, 19] for references. The
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notion of Poisson T-Pfaffian can be also defined on nonsingular T-Poisson varieties defined over
an algebraically closed field of positive characteristic (see Definition 1.2). Recall that a Frobenius
near-splitting on X is an OX -linear map ϕ : F∗OX → OX . Given a Poisson T-Pfaffian σ on
a T-Poisson variety (X,πX ), one can then use σ
p−1 to define a Frobenius near-splitting, where
p = chark. Furthermore, we prove that when the near-splitting is a splitting, then all compatibly
split subvarieties of the splitting must be T-Poisson subvarieties.
It is well-known that complex simple Lie algebras are classified into types A,B,C,D,E, F,G.
Over an algebraically closed field k of characteristic p > 0, recall from [10, §25.4] that a Chevalley
algebra can be constructed via reduction modulo p by choosing a Chevalley basis of a complex
semi-simple Lie algebra. Then, Chevalley groups are obtained from Chevalley algebras and any
simply-connected semi-simple algebraic group G over k is isomorphic to one of the Chevalley
groups. See [4] and [10, §25.5] for more details. Assume additionally that p > 3, our general
theory can be applied to show that Frobenius splittings can be constructed on Bott-Samelson
varieties via Poisson geometry, which share the same property as the canonical splittings con-
structed in [2, Theorem 2.2.3] that all the sub-Bott-Samelson varieties are compatibly-split.
Lastly, we apply our general theory to reach our goal, which is to construct a Frobenius splitting
on G/U via Poisson geometry.
1.2. Poisson geometry of (G/U, πG/U). When k = C, let g be the Lie algebra of G. Let
(B,B−) be a pair of opposite Borel subgroups of G. Let T = B ∩ B− a maximal torus of G
whose Lie algebra is denoted by h. Let 〈 , 〉g be a multiple of Killing form on g. Let πst be the
standard Poisson structure on G (see §2.2 for detail), which is preserved under the left translation
of T . The Poisson structure πst projects to a T -invariant Poisson structure on G/U , denoted as
πG/U . We call πG/U the standard Poisson structure on G/U .
Let W = NG(T )/T be the Weyl group of (G,T ), where NG(T ) is the normalizer of T in G.
On G/U , there exists the Bruhat decomposition
G/U =
⊔
w∈W
BwB/U,
such that each BwB/U is a Poisson submanifold of (G/U, πG/U). On each BwB/U , there exists
an isomorphism
κw˙ : BwB/U → T × (BwB/B)
defined in (2.7). On T × (BwB/B), there exists a T-mixed Poisson structure defined by
0 ⊲⊳A0 πG/B = ((0, πG/B) +
∑
k
(ρ(Hk), 0) ∧ (0, λ(Hk)),
where πG/B is the projection of πst to G/B, (Hk) is an orthogonal basis of (h, 〈, 〉g), ρ and λ are
natural Lie algebra actions of h on T and BwB/B respectively.
The following Theorem A is the main tool of this paper in Poisson geometry which is applied
in both Theorem B and Theorem E.
Theorem A. The isomorphism
κw˙ : (BwB/U, πG/U)→ (T × (BwB/B), 0 ⊲⊳A0 πG/B)
3is Poisson.
Let (X,πX ) be a T-Poisson manifold. Suppose that Σ is a symplectic leaf in (X,πX). The set
TΣ =
⊔
t∈T
tΣ
is called a single T-leaf in (X,πX). See [16, Section 2.2] for more details.
The left translation of T on G/U makes (G/U, πG/U) into a natural T -Poisson manifold. Using
Theorem A, we figure out the T -leaves decomposition of (G/U, πG/U).
Theorem B. The decomposition of G/U into T -leaves of the Poisson structure πG/U is
G/U =
⊔
v≤u
(BuB/U ∩B−vB/U).
1.3. General construction of Frobenius splittings via Poisson geometry. To study
Frobenius splittings on G/U , where G is defined over an algebraically closed field k of char-
acteristic p > 3, we first develop a general construction via Poisson geometry. The details about
Poisson algebras in positive characteristics are presented in §3.1.
Definition 1.1. Let X be a non-singular variety over k. A Poisson structure on X is a section
π ∈ H0(X,∧2TX) satisfying [π, π] = 0, where [−,−] is the Schouten bracket (see §3.1 for the
definition of the Schouten bracket). A (non-singular) Poisson variety is a non-singular variety
equipped with a Poisson structure.
Definition 1.2. Let T be an algebraic torus over k. A T-Poisson variety is a Poisson variety X
with a T-action by Poisson automorphisms. A Poisson T-Pfaffian is a section σ ∈ H0(X,ω−1X )
such that
σ = π[r] ∧ ∂h1 ∧ . . . ∧ ∂hl ,
where r is half of the rank of π and ∂hi is the vector field on X generated by some element
hi ∈ t = Lie(T). (See Definition 3.10 for the definition of generating vector fields)
Let s ∈ H0(X,ω1−pX ). One can regard s as an element in HomOX(ωX,F∗ωX) by s(γ) =
(s|U , γp−1)γ, for γ ∈ H0(U , ωX), where U is an open subset of X. It is well-known that the
Cartier operator gives rise to the isomorphism ([2, Proposition 1.3.7])
HomOX (ωX , F∗ωX) ∼= HomOX (F∗OX ,OX).
Therefore in particular the p − 1 tensor power σp−1 of a Poisson T-Pfaffian σ gives rise to a
Frobenius near-splitting φσ of X.
Definition 1.3. A Frobenius Poisson T-Pfaffian of a T-Poisson variety (X,πX) is a Poisson T-
Pfaffian σ such that the Frobenius near-splitting constructed in the way above by some non-zero
scalar multiple of σ is a Frobenius splitting.
Remark. A basic fact about Frobenius splitting is that if one can verify the restriction of a
near-splitting ϕ on a variety X to an open subset U of X is a Frobenius splitting on U , then ϕ
is a Frobenius splitting on X. See [2, Section 1.1] for more details. The advantage of
constructing the near-splitting via Poisson T-Pfaffian is that often there exists some nice
expression of the Poisson structure in local coordinates.
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In §3.3 we consider a special kind of T-Poisson structure on affine spaces called Poisson
CGL extensions, a term coined by K.Goodearl and M.Yakimov and named after G.Cauchon,
K.Goodearl, E.Letzter ([9, Section 1.3]). They play an important role in the study of cluster
algebras (see [9]) as well as integrable systems (see [14]). We define the notion of a Poisson CGL
bivector field in Definition 3.19 and its log-canonical part in Remark 3.20. Then, we obtain a
sufficient condition such that a Frobenius Poisson T-Pfaffian exists on a T-Poisson variety.
Theorem C. If the rank of a Poisson CGL bivector field πX is equal to that of (πX)0, the
log-canonical part of πX , then a Frobenius Poisson T-Pfaffian exists.
For a general T-Poisson variety (X,πX), the connection between compatibly split subvarieties
of X and T-Poisson subvarieties of (X,πX) is presented in the following Theorem D.
Theorem D. Let σ be a Poisson T-Pfaffian of a T-Poisson variety (X,πX ). If the Frobenius
near-splitting φσ defined by σ is a Frobenius splitting, then all compatibly split subvarieties of
φσ must also be T-Poisson subvarieties with respect to the Poisson structure πX .
1.4. A Frobenius Splitting of G/U via Poisson T -Pfaffian. Theorem C can be applied to
concrete examples including Bott-Samelson varieties (see §4.1 for the definition of Bott-Samelson
varieties) and the basic affine space when k is of characteristic p > 3.
First, we equip the Bott-Samelson varieties with the standard Poisson structure as well as
a torus action (see the paragraph below Remark 4.2 for the definition of the standard Poisson
structure of Bott-Samelson varieties and basic affine spaces over positive characteristic). Then,
Theorem 4.3 proves that a Frobenius Poisson T -Pfaffian exists on any Bott-Samelson varieties
and is unique up to scalar multiple. Therefore, a Frobenius splitting φσ defined in §1.3 exists
on any Bott-Samelson variety. Moreover, Frobenius splittings on Bott-Samelson varieties can
be also obtained from a class of special anti-canonical sections by [2, Theorem 2.2.3] and the
canonical Frobenius splittings are constructed in the proof of [2, Theorem 2.2.3]. On any Bott-
Samelson variety, the Frobenius Poisson T -Pfaffian constructed in Theorem 4.3 provides a choice
of anti-canonical section in [2, Theorem 2.2.3] and a natural question is raised as follows.
Question 1.4. On any Bott-Samelson variety, is the Frobenius splitting induced by the Poisson
T -Pfaffian in Theorem 4.3 same as the Frobenius splitting constructed in the proof of [2, Theorem
2.2.3] ?
Based on Theorem 4.3 and Theorem A, we reach our goal of this paper, which is to construct
a Frobenius splitting on G/U via the Poisson geometry as follows.
Theorem E. Let G be a simply-connected semi-simple algebraic group over an algebraically
closed field k of characteristic p > 3, U the uniradical of a Borel subgroup of G. Let T be a
maximal torus of G normalizing U , which acts on G/U by left translation. Denote by πG/U the
standard Poisson structure on G/U . Then there exists a unique (up to scalar multiples)
Poisson T -Pfaffian σ on (G/U, πG/U) and σ
p−1 induces a Frobenius splitting on G/U .
1.5. Acknowledgments. The authors would like to thank Jiang-Hua Lu for her help and en-
couragements. This work was completed while the authors were supported by the University of
Hong Kong Postgraduate Studentship.
52. Poisson geometry of (G/U, πG/U)
2.1. Basics on Poisson geometry. Let G be a complex Lie group and let πG be a holomorphic
Poisson structure on G. The pair (G,πG) is called a Poisson Lie group if the multiplication map
(G×G,πG × πG)→ (G,πG)
is Poisson. See [8, 17] for references. It is well known (see [17, Theorem 1.2]) that (G,πG) is a
Poisson Lie group if and only if πG is multiplicative, i.e.
(2.1) πG(gh) = lgπG(h) + rhπG(g), g, h ∈ G.
Lemma 2.1. [17, Theorem 1.2] Let (G,πG) be a Poisson Lie group. Then, πG vanishes at the
identity and the group inversion map is anti-Poisson.
Let (G,πG) be a complex Poisson Lie group and let (P, πP ) be a complex Poisson variety
such that G acts on P from the left preserving the Poisson structure. If the action is transitive,
(P, πP ) is called a Poisson homogeneous space of (G,πG). See [6] for reference.
A subgroup/variety Q of a Poisson Lie group/variety (G,πG) is called a coisotropic sub-
group/variety if for any q ∈ Q
πG(q) ∈ TqQ ∧ TqG ⊂ ∧2TqG.
The following proposition proved in [21, Theorem 6] provides a class of examples of Poisson
homogeneous spaces.
Proposition 2.2. Let (G,πG) be a Poisson Lie group and let Q ⊂ G be a closed coisotropic
Lie subgroup of (G,πG). Denote the projection from G to G/Q by pG/Q. Then pG/Q(πG) is a
well defined Poisson structure on G/Q and (G/Q, pG/Q(πG)) is a Poisson homogeneous space of
(G,πG).
Let T be a complex torus. Recall that a complex T-Poisson variety is a Poisson variety (P, πP )
with a T-action by Poisson automorphisms. Let T1 and T2 be complex tori with Lie algebras
t1 and t2 respectively. Let (P, πP ) be a complex T1-Poisson variety and (Q,πQ) be a complex
T2-Poisson variety. The T1 and T2 actions are denoted by ρ and λ respectively. Given
A =
∑
k
ak ⊗ bk ∈ t1 ⊗ t2,
define the bivector field on P ×Q by
(2.2) πP ⊲⊳A πQ = (πP , 0) + (0, πQ) +
∑
k
(ρ(ak), 0) ∧ (0, λ(bk)).
Consider the (T1 × T2) action on P ×Q defined by
(t1, t2)(p, q) = (t1p, t2q).
The following lemma proved in [24, Lemma 2.1.1].
Lemma 2.3. For any A ∈ t1 ⊗ t2, (P ×Q,πP ⊲⊳A πQ) is a (T1 × T2)-Poisson variety.
The mixed product Poisson structure on P ×Q associated to the torus actions constructed in
Lemma 2.3 on P ×Q is simply called a T-mixed Poisson structure.
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2.2. The standard Poisson structure πG/U on G/U . Let G be a simply-connected complex
semi-simple Lie group and let g be the Lie algebra of G. Let (B,B−) be a pair of opposite Borel
subgroups of G. Denote U and U− respectively the uniradical of B and B−. Let T = B ∩ B−
be a maximal torus of G. Denote Lie algebras of B, B−, U , U− and T by b, b−, u, u− and h
respectively. Let ∆ ⊂ h∗ be the set of roots of g with respect to h, and let
g = h+
∑
α∈∆
gα
be the root decomposition of g. Let ∆+ ⊂ ∆ and Γ ⊂ ∆+ be respectively the sets of positive
roots and simple roots. We also write α > 0 for α ∈ ∆+.
For α > 0, let hα be the unique element in [gα, g−α] such that α(hα) = 2. Fix, for each
α ∈ ∆+, eα ∈ gα and e−α ∈ g−α such that [eα, e−α] = hα. Let 〈 , 〉g be a fixed multiple of
Killing form on g such that 〈α,α〉2 ∈ {1, 2, 3} for each root α, where 〈 , 〉 is the induced bilinear
form on h∗.
Remark 2.4. The existence of such choice follows from the proof of [22, Lemma 5].
For α > 0, denote Eα =
√
〈α,α〉eα and E−α =
√
〈α,α〉
2 e−α. Let (Hi) be an orthogonal basis
of (h, 〈 , 〉g).
Definition 2.5. [8, Chapter 4][16, Section 6.1] The standard Poisson structure πst on G is
defined by
(2.3) πst(g) = lgΛst − rgΛst, g ∈ G
where lg and rg are respectively the left and right translation of g on G and
Λst =
∑
α>0
〈α,α〉
2
e−α ∧ eα =
∑
α>0
E−α ∧Eα.
Remark 2.6. The Poisson structure πst depends on the choices of the triple (B,B−, 〈 , 〉g), but
not on the choices of the root vectors e±α ∈ g±α.
Recall that in characteristic p > 3, the Lie algebra of a simply-connected semi-simple algebraic
group can be constructed by reduction modulo p via a Chevalley basis of a complex semi-simple
Lie algebra. Since we have chosen the bilinear form so that 〈α,α〉2 ∈ {1, 2, 3} for each root α in
the complex case, 〈α,α〉2 is non-zero modulo p and the element
Λst =
∑
α>0
〈α,α〉
2
e−α ∧ eα
modulo p is well-defined.
Definition 2.7. The standard Poisson structure on a simply-connected semi-simple algebraic
group over an algebraically closed field of characteristic p > 3 is defined by the same formula as
in Definition 2.5.
For a root β, denote by uβ(z) the root-subgroup corresponding to β, where z ∈ C. For each
α ∈ Γ, the simple reflection sα ∈W is represented by
s˙α = uα(−1)u−α (1) uα (−1)
7in NG(T ). We denote by Pα = B ∪Bs˙αB the parabolic subgroup corresponding to α ∈ Γ. It is
well-known that Pα is a Poisson-Lie subgroup of G for all α. We denote the restriction of πst on
Pα by the same notation. Let (Hi) be an orthogonal basis of (h, 〈, 〉g). Consider now the direct
product Lie algebra g⊕ g and define Rst ∈ (g⊕ g)⊗2 by
(2.4) Rst =
∑
α∈∆+
(E−α, E−α) ∧ (Eα, 0) +
∑
α∈∆+
(Eα, Eα) ∧ (0, E−α)
+
1
2
∑
i
(Hi,Hi) ∧ (Hi,−Hi),
and
(2.5) Πst = R
l
st −Rrst.
Then, (G × G,Πst) is a Poisson Lie group, which is called the Drinfeld double of (G,πst). See
[18] for more details. Recall from [18, Proposition 2.2] that
G∆ = {(g, g) : g ∈ G} ⊂ G×G
is a Poisson Lie subgroup of (G×G,Πst) satisfying the following Lemma 2.8.
Lemma 2.8. The diagonal embedding
(G,πst) −→ (G×G,Πst), g 7−→ (g, g)
is Poisson.
It follows from the construction of πst that U is a coisotropic subgroup of (G,πst). Moreover,
the following lemma is proved in [16, Section 6.1].
Lemma 2.9. The standard Poisson structure πst vanishes on T and BwB is a Poisson subvariety
of (G,πst) for any w ∈W .
Definition 2.10. The projection of πst to G/U is a well-defined Poisson structure by Proposition
2.2, which is denoted by πG/U and called the standard Poisson structure on G/U .
Let λ be the T -action on G/U defined by
T × (G/U) −→ (G/U), (t, g.U) 7−→ tg.U, t ∈ T, g ∈ G.
Lemma 2.11. (G/U, πG/U) is a T -Poisson variety.
Proof. It follows from Proposition 2.2 that (G/U, πG/U) is a Poisson homogeneous space, i.e. for
t ∈ T and g ∈ G,
πG/U(tg.U) = σg.Uπst(t) + λtπG/U(g.U),
where σg.U : T → G/U, g.U 7→ t′g.U, ∀ t′ ∈ T, and λt : G/U → G/U, g′.U 7→ tg′.U, ∀ g′ ∈ G.
As πst vanishes on T , the left translation of T on G/U preserves the Poisson structure πG/U , i.e.
πG/U(tg.U) = λtπG/U(g.U).
Q.E.D.
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2.3. Proof of Theorem A. Let G be a complex semi-simple algebraic group and follow the
same notation as in §2.2. It is well-known that G has the Bruhat decomposition
G =
⊔
w∈W
BwB.
As U is a closed subgroup of B, G/U also has the Bruhat decomposition
G/U =
⊔
w∈W
BwB/U.
For each w ∈ W , it follows from Lemma 2.9 that BwB is a Poisson subvariety of (G,πst) and
BwB/U is a Poisson subvariety of (G/U, πG/U). For w ∈ W , define Uw = U ∩ wU−w−1. If we
fix a representative w˙ ∈ NG(T ), any g ∈ BwB can be uniquely decomposed as g = txw˙n with
t ∈ T , x ∈ Uw and n ∈ U . For any w ∈W , consider the isomorphism on BwB defined by
(2.6) Jw˙ : BwB → T × (BwB/T ), txw˙n 7→ (t, xw˙n.T ).
and the isomorphism on BwB/U defined by
(2.7) κw˙ : BwB/U → T × (BwB/B), txw˙.U 7→ (t, xw.B).
Recall from Proposition 2.2 that πst also projects to well-defined Poisson structures on G/T as
well as G/B , denoted respectively by πG/T and πG/B. Let ρ be the torus action defined by
(2.8) T × T −→ T, (t, t′) 7−→ tt′.
When Q = B or T , let λ be the torus action defined by
(2.9) T × (BwB/Q) −→ (BwB/Q), (t, g.Q) 7−→ tg.Q.
Let (Hi) be an orthogonal basis of (h, 〈, 〉g) and let
A0 =
∑
i
Hi ⊗Hi.
Similar to the proof of Lemma 2.11, we know that (G/Q, πG/Q) is a T -Poisson variety. Then,
0 ⊲⊳A0 πG/Q defined in (2.2) is a T-mixed Poisson structure on T × (BwB/Q).
To prove Theorem A, we first prove the following Proposition 2.12, which expresses Jw˙(πst)
as a T-mixed Poisson structure on T × (BwB/T ).
Proposition 2.12. The isomorphism
(2.10) Jw˙ : (BwB, πst)→ (T × (BwB/T ), 0 ⊲⊳A0 πG/T )
is Poisson.
Proof. First, we prove that the map
qw˙ : (BwB, πst)→ (T, 0), txw˙n 7→ t
is Poisson. For any g ∈ BwB and a fixed w˙ ∈ NG(T ), g can be uniquely written as
g = txw˙n = tn′w˙x′
for the same t ∈ T , x ∈ Uw, x′ ∈ U ∩ w−1U−w and n, n′ ∈ U . So, we can write
qw˙ = jT ◦ jw˙,
9where
jw˙ : (BwB, πst)→ (B,πst), tn′w˙x′ 7→ tn′, t ∈ T, n′ ∈ U, x′ ∈ U ∩ w−1U−w,
and
jT : (B,πst)→ (T, 0), tn′ 7→ t, t ∈ T, n′ ∈ U.
It is sufficient to prove that jw˙ and jT are Poisson.
By the multiplicativity of πst, one has
πst(txw˙n) = πst(tn
′w˙x′) = ltn′πst(w˙x
′) + rw˙x′πst(tn
′),
where rg denotes the right translation on G and lh denotes the left translation on G. On one
hand, for a fixed tn′ ∈ B, all the elements in w˙U ∩ U−w˙ go to the same point tn′ via jw˙ ◦ ltn′ ,
i.e. for any w˙x′ ∈ w˙U ∩ U−w˙
jw˙ltn′(w˙x
′) = tn′.
As w˙U ∩ U−w˙ is coisotropic in (G,πst), (see [15, Lemma 10]) one has
jw˙ltn′πst(w˙x
′) = 0.
On the other hand, for a fixed w˙ ∈ NG(T ) and x′ ∈ U ∩ w−1U−w, jw˙ ◦ rw˙x′ fixes B pointwise,
i.e. for any tn′ ∈ B,
jw˙ ◦ rw˙x′(tn′) = tn′.
As B is a Poisson Lie subgroup of (G,πst), one has
jw˙(πst(tn
′w˙x′)) = jw˙rw˙x′πst(tn
′) = πst(tn
′).
Moreover, as U is a coisotropic subgroup of (B,πst) and πst vanishes on T , one has
jTπst(tn
′) = jT ltπst(n
′) = 0.
Therefore, jw˙ and jT are Poisson maps.
Then, we study the mixed terms. Define
Ψw˙ : (BwB)×G→ T × (G/T ), (txw˙n, g) 7→ (t, g.T ).
Recall from Lemma 2.8 that (BwB, πst) is Poisson isomorphic to ((BwB)∆,Πst), where
(BwB)∆ = {(g, g) : g ∈ BwB} ⊂ G∆.
We can identify Jw˙πst with Ψw˙(Πst). By the definition of Πst, write
(2.11) Πst = (πst, 0) + (0, πst) + µ1 + µ2 + µ3 + µ4,
where,
µ1 = 2
∑
α∈∆+
(Erα, 0) ∧ (0, Er−α), µ2 = −2
∑
α∈∆+
(Elα, 0) ∧ (0, El−α)
and
µ3 =
n∑
i=1
(Hri , 0) ∧ (0,Hri ), µ4 = −
n∑
i=1
(H li , 0) ∧ (0,H li).
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Since the vector fields Elα, E
r
α vanish when projected to T and H
l
i on BwB vanishes when
projected to BwB/T , one has Ψw˙(µ1) = Ψw˙(µ2) = Ψw˙(µ4) = 0. Additionally, one has
Ψw˙(µ3) =
∑
i
(ρ(Hi), 0) ∧ (0, λ(Hi)),
where ρ and λ are Lie algebra actions induced by (2.8) and (2.9) respectively. Therefore, Jw˙πst =
0 ⊲⊳A0 πG/T .
Q.E.D.
Furthermore, the following theorem expresses κw˙(πG/U) as a T-mixed Poisson structure on
T × (BwB/B).
Theorem 2.13. The isomorphism
κw˙ : (BwB/U, πG/U)→ (T × (BwB/B), 0 ⊲⊳A0 πG/B)
is Poisson.
Proof. Let pG/U be the natural projection from G to G/U . When restricted to BwB, one has
Jw˙ ◦ pG/U = pG/U ◦ Jw˙.
Therefore, on each BwB/U , one has
κw˙(πG/U) = Jw˙ ◦ pG/U(πst) = pG/U(Jw˙(πst)) = 0 ⊲⊳A0 πG/U .
Q.E.D.
2.4. Proof of Theorem B. In [16, Section 1.5], J.-H. Lu and V. Mouquin develop a general
theory to study the T-leaves of a class of T-Poisson manifolds. Let G be a simply-connected
complex semi-simple group. The general theory is applied to study the T -leaves of (G/B, πG/B)
in [16, Theorem 1.1].
Proposition 2.14. [16, Theorem 1.1] The T -leaf decomposition of (G/B, πG/B) coincides with
the disjoint union of open Richardson varieties
G/B =
⊔
v≤u
(BuB/B ∩B−vB/B).
However, the general theory cannot be applied to study the T -leaves of (G/U, πG/U). Based
on the work in §2.3, we give a proof of Theorem B. First, we recall the following Proposition
2.15 proved by J.-H. Lu and Y. Mi in [14, Lemma 2.23].
Proposition 2.15. Let T be a complex torus and (X,πX ) a complex T-Poisson manifold. Let
t be the Lie algebra of T and A ∈ t ⊗ t. With respect to the diagonal action of T on T × X ,
the T-leaves of the Poisson structure 0 ⊲⊳A X in T×X are precisely all the T×L, where L is a
T-leaf of πX in X.
Theorem 2.16. The decomposition of G/U into T -leaves of the Poisson structure πG/U is
(2.12) G/U =
⊔
v≤u
(BuB/U ∩B−vB/U).
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Proof. Recall that
G/U =
⊔
u∈W
BuB/U
such that BuB is a Poisson subvariety of (G/U, πG/U) for each u ∈ W . To study the T -leaf
decomposition of (G/U, πG/U), it is sufficient to study the T -leaves of (BuB/U, πG/U) for each
fixed u ∈ W . It follows from Proposition 2.13, Proposition 2.14 and Proposition 2.15 that for
each v ≤ u ∈W , the subvariety
κ−1w˙ (T × (BuB/B ∩B−vB/B)) = BuB/U ∩B−vB/U
is a single T -leaf of (BuB/U, πG/U). Therefore, (2.12) gives T -leaf decomposition of (G/U, πG/U).
Q.E.D.
3. General construction of Frobenius splittings via Poisson T-Pfaffians
3.1. Poisson algebras in positive characteristics. Denote by k an algebraically closed field
with char(k) = p > 2. The purpose of this section is to explain a few aspects of Poisson algebras
over k, and in particular the notion of Poisson T-Pfaffians, T being an algebraic torus, which
in the case of characteristic 0 is introduced in [16]. Note that a special feature is that, given a
Poisson algebra A and any element a ∈ A, the ideal 〈ap〉 is a Poisson ideal since
{apb, c} = ap{b, c} + pap−1b{a, c} = ap{b, c} ∈ 〈ap〉, b, c ∈ A.
Notation 3.1. Let A be a k-algebra and n be a non-negative integer. Recall that an n-derivation
on A is an element α ∈ Homk(∧nA,A) such that α is a derivation in each of its arguments.
Following the notation in [12, Section 3.1], the vector space consisting of all n-derivations on A
will be denoted by Xn(A). By convention, X0(A) = A.
There is a natural A-module structure on Xn(A): for b ∈ A and α ∈ Xn(A),
(bα)(a1, . . . , an) = b(α(a1, . . . , an)), a1, . . . , an ∈ A.
Suppose A is finitely generated by r elements. By the skew-symmetry of multi-derivations,
Xn(A) = 0 for all n > r. Hence there exists a largest n such that Xn(A) 6= 0. The module of top
degree multi-derivations on a finitely generated k-algebra A, denoted by Xtop(A), is then defined
to be Xn(A) for such largest n.
We now briefly recall the definition of the wedge product and the Schouten bracket on X(A) =⊕∞
n=0X
n(A). Let α ∈ Xm(A), β ∈ Xn(A) and a1, . . . , am+n ∈ A. Then α ∧ β ∈ Xm+n(A) is
defined by
(α ∧ β)(a1, . . . , am+n) =
∑
σ∈Sm,n
sgn(σ)α(aσ(1), . . . , aσ(m))β(aσ(m+1), . . . , aσ(m+n)),
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where Sm,n denotes the set of all (m,n)-shuffles, while [α, β] ∈ Xm+n−1(A) is defined by
[α, β](a1, . . . , am+n−1)
=
∑
σ∈Sn,m−1
sgn(σ)α(β(aσ(1) , . . . , aσ(n)), aσ(n+1), . . . , aσ(n+m−1))
− (−1)(m−1)(n−1)
∑
σ∈Sm,n−1
sgn(σ)β(α(aσ(1) , . . . , aσ(m)), aσ(m+1), . . . , aσ(m+n−1)).
Being a bi-derivation, any Poisson bracket on A is of the form
{a, b} = π(a, b), a, b ∈ A,
for a unique π ∈ X2(A), and the condition char(k) 6= 2 implies that the Jacobi identity of {−,−}
is equivalent to [π, π] = 0.
Notation 3.2. For any integer r ≥ 1, let
S[2r] = {σ ∈ S2r : σ(1) < σ(3) < . . . < σ(2r − 1) and σ(2i − 1) < σ(2i), i = 1, . . . , r},
and for π ∈ X2(A), set π[r] ∈ X2r(A) by
π[r](a1, . . . , a2r) =
∑
σ∈S[2r]
(sgnσ)π(aσ(1), aσ(2)) . . . π(aσ(2r−1), aσ(2r)).
Lemma 3.3. For any π ∈ X2(A) and any integer r ≥ 1, one has π∧r = r!π[r].
Proof. Denote by Rr2 the set of all elements σ ∈ S2r such that σ(2i−1) < σ(2i) for all i = 1, . . . , r.
In particular, R22 is just the set of all (2, 2)-shuffles. By definition, for any a1, . . . , a2r ∈ A, one
has
π∧r(a1, . . . , a2r) =
∑
σ∈Rr2
(sgnσ)π(aσ(1), aσ(2)) . . . π(aσ(2r−1), aσ(2r)).
For each σ ∈ Rr2, we can reorder the factors in the right hand side of the above expression so we
may assume that σ(1) < σ(3) < . . . < σ(2r − 1), i.e., σ ∈ S[2r]. Thus
π∧r(a1, . . . , a2r) = r!
∑
σ∈S[2r]
(sgnσ)π(aσ(1), aσ(2)) . . . π(aσ(2r−1), aσ(2r))
= r!π[r](a1, . . . , 22r).
Q.E.D.
Definition 3.4. The rank of a Poisson structure π on A, denoted by rank(π), is defined to be
2r, where r is the largest integer such that π[r] 6= 0.
Let A be a finitely generated k-algebra and let m be a maximal ideal of A. Recall that m/m2
is a vector space over the field A/m. As A is finitely generated and k is algebraically closed,
A/m ∼= k [1, Corollary 7.10]. Let α ∈ Xn(A) and a1, . . . , an ∈ A. Suppose ai ∈ m2 for some i.
Then by the Leibniz rule, one see that α(a1, . . . , an) lies in m. Therefore, α induces an alternating
k-linear map
αm : ∧n(m/m2)→ A/m.
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Assume now that A is a Poisson k-algebra with Poisson structure π ∈ X2(A). Then π induces
an alternating k-linear map for each maximal ideal m of A
πm : (m/m
2) ∧ (m/m2)→ k.
Consequently, one has the skew-symmetric linear transformation
π♯m : m/m
2 → (m/m2)∗.
of k-vector spaces for each maximal ideal m of A.
Definition 3.5. The rank of a Poisson structure π at a maximal ideal m of A, denoted by
rank(πm), is defined to be the rank of π
♯
m. It is an even integer as we are assuming that char(k) 6=
2.
Let V be a k-vector space and let ω ∈ ∧2V . Similar to the case of multi-derivation, we have
the element ω[l] ∈ ∧2lV . Following previous notation, define ω[l] ∈ ∧2lV by
ω[l](v1, . . . , v2l) =
∑
σ∈S[2l]
(sgnσ)ω(vσ(1), vσ(2)) . . . ω(vσ(2l−1), vσ(2l)), vi ∈ V ∗.
Remark 3.6. It is easy to see that (π[l])m = (πm)
[l] ∈ ∧2l(m/m2)∗. Therefore there is no
ambiguity to write π
[l]
m.
Proposition 3.7. Let π be a Poisson structure on A. Then rank(π) ≥ rank(πm) for every
maximal ideal m. Moreover, if A is reduced, then there exists some maximal ideal m such that
rank(π) = rank(πm).
Proof. Suppose rank(π) = 2r. Then π[r+1] = 0, hence π
[r+1]
m = 0, which implies that rank(πm) ≤
2r.
To prove the second part, we assume the contrary. Suppose rank(πm) < 2r for every maximal
ideal m, so that π
[r]
m = 0. By definition, it means that π
[r]
m (b1, . . . , b2r) = 0 for all bi ∈ m. In other
words, one has π[r](b1, . . . , b2r) ∈ m for all bi ∈ m. Fix any maximal ideal m, one has A = k
⊕
m.
Let a1, . . . , a2r ∈ A and write ai = ci + bi, where ci ∈ k and bi ∈ m. Then
π[r](a1, . . . , a2r) = π
[r](c1 + b1, . . . , c2r + b2r) = π
[r](b1, . . . , b2r) ∈ m.
This holds for every maximal ideal m. Therefore π[r](a1, . . . , a2r) lies in the Jacobson radical of
A. Since A is a finitely generated k-algebra, its Jacobson radical equals its nil-radical, which is
zero by our assumption that A is reduced. So π[r] = 0, contradicting that the rank of π is 2r.
Q.E.D.
Example 3.8. Let A = k[x, y, z]/I, where I = 〈x2〉. Then A is not reduced since x is a nilpotent
element. Let π ∈ X2(A) be defined by
π(x, y) = x, π(x, z) = x, π(y, z) = 0.
Then for any f ∈ k[x, y, z], one has π(x, f) ∈ 〈x〉. Therefore π is well-defined because π(x2, f) =
2xπ(x, f) ∈ I. Since π 6= 0, one must have rank(π) > 0. Actually it can be easily seen that
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rank(π) = 2. On the other hand, maximal ideals of A are of the form m = 〈x, y − y0, z − z0〉,
where y0, z0 ∈ k. Fix arbitrary y0 and z0. Then πm is given by
πm(x, y − y0) = π(x, y − y0) = π(x, y) = x ∈ m,
πm(x, z − z0) = π(x, z − z0) = π(x, z) = x ∈ m,
πm(y − y0, z − z0) = π(y, z) = 0.
Hence πm is trivial, implying that rank(πm) = 0, for any maximal ideals of A.
3.2. Frobenius Poisson T-Pfaffians. Recall that an algebraic torus T over k is an algebraic
group isomorphic to (k∗)n for some non-negative integer n. A character of T is an algebraic group
homomorphism λ : T→ k∗. The set of all characters of T forms an abelian group with the group
operation being pointwise multiplication and is denoted by X∗(T), called the character group of
T. Any identification T ∼= (k∗)n gives coordinates (t1, . . . , tn) on T. Let λ ∈ X∗(T). Then λ is a
morphism of varieties, so λ(t1, . . . , tn) should be a Laurent monomial in these variables. As λ is
also a group homomorphism, λ should be a Laurent monomial. Hence
λ(t1, . . . , tn) = t1
r1 . . . tn
rn
for some r1, . . . , rn ∈ Z. On the other hand, it can be easily seen that all λ of the form above
are characters of T. One thus sees that X∗(T) is isomorphic to Zn, a free abelian group of rank
n. For the rest of the chapter, we will identify X∗(T) with Zn. Also, we write tλ for λ(t).
Suppose λ ∈ X∗(T), then it induces a map λ : t→ k, where t is the Lie algebra of T, given by
λ(h) =
n∑
i=1
λi(hi),
where λ = (λ1, . . . , λn) and h = (h1, . . . , hn).
Suppose now T acts on a vector space V . Let v ∈ V . If there exists some function λ : T→ k∗
such that tv = λ(t)v for all t ∈ T, we say that v is a weight vector with weight λ. The set of all
λ-weight vectors form a vector subspace of V , called the weight space and is denoted by Vλ.
Definition 3.9. Let A be a k-algebra with a T-action. The action is said to be rational if A
can be decomposed into a direct sum of weight spaces, i.e.
A =
⊕
λ∈X∗(T )
Vλ.
Note that the coordinate ring of an affine T-variety over k is an algebra with a rational T-action.
Definition 3.10. Suppose T acts on A rationally. Let a ∈ A. From the weight-space decom-
position of A, we can write a =
∑n
i=1 ai, where ai ∈ Vλi for some λi ∈ X∗(T). Let h ∈ t, the
k-derivation on A generated by h, denoted by ∂h, is defined as
∂h(a) =
n∑
i=1
λi(h)ai.
Definition 3.11. Let A be a Poisson k-algebra. A Poisson T-action on A is a T-action on A by
Poisson automorphisms. A rational Poisson T-action is a rational T-action on A which is at the
same time a Poisson T-action.
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Lemma 3.12. For h ∈ t, the derivation ∂h induced from a rational Poisson torus action is a
Poisson derivation.
Proof. Let a =
∑n
i=1 ai and b =
∑m
j=1 bi. One has {ai, bj} ∈ Vλi+µj , therefore
∂h{a, b} = ∂h(
∑
i,j
{ai, bj}) =
∑
i,j
(λi + µj)(h){ai, bj}.
On the other hand,
{∂h(a), b} + {a, ∂h(b)}
= {
∑
i
λi(h)ai,
∑
j
bj}+ {
∑
i
ai,
∑
j
µj(h)bj}
=
∑
i,j
λi(h){ai, bj}+
∑
i,j
µj(h){ai, bj}
=
∑
i,j
(λi + µj)(h){ai, bj}.
Q.E.D.
Definition 3.13. Let (A, π) be a finitely generated Poisson algebra with a rational Poisson
T-action. Suppose the rank of the Poisson structure on A is 2r. A Poisson T-Pfaffian of (A, π)
is a non-zero element σ ∈ Xtop(A) of the form
σ = π[r] ∧ ∂h1 ∧ . . . ∧ ∂hl ,
where h1, . . . , hl ∈ t.
For a ∈ A, define Xa ∈ X1(A) by Xa(b) = {a, b} for b ∈ A. It is easy to see that Xa is a
Poisson derivation of A. We will refer to Xa as the Hamiltonian derivation of a.
Proposition 3.14. The following formula holds for all positive integers l and all a1, . . . , a2l ∈ A:
π[l](a1, . . . , a2l) = −(π[l−1] ∧Xa2l)(a1, . . . , a2l−1).
In particular, π[r] ∧Xa = 0 for the Hamiltonian derivation Xa, where r is the half rank of π.
Proof. By definition, one has
(π[l−1] ∧Xa2l)(a1, . . . , a2l−1)
=
∑
σ∈S2l−2,1
(sgnσ)π[l−1](aσ(1), . . . , aσ(2l−2))Xa2l(aσ(2l−1))
=−
∑
σ∈S2l−2,1
(sgnσ)π[l−1](aσ(1), . . . , aσ(2l−2))π(aσ(2l−1), a2l)
=−
∑
σ∈S2l−2,2
σ(2l)=2l
(sgnσ)π[l−1](aσ(1), . . . , aσ(2l−2))π(aσ(2l−1), aσ(2l)).
For each σ ∈ S2l−2,2 with σ(2l) = 2l, we know that
(sgnσ)π[l−1](aσ(1), . . . , aσ(2l−2))π(aσ(2l−1), aσ(2l))
=
∑
τ
sgn(τσ)π(aτσ(1), aτσ(2)) . . . π(aτσ(2l−3), aτσ(2l−2))π(aσ(2l−1), aσ(2l)),
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where τ runs through all permutations on {σ(1), . . . , σ(2l−2)} such that τσ(1) < τσ(3) < . . . <
τσ(2l − 3) and τσ(2i− 1) < τσ(2i) for i = 1, . . . , l − 1. If we extend each τ to a permutation in
S2l by setting τσ(2l − 1) = σ(2l − 1) and τσ(2l) = σ(2l) = 2l, then
(π[l−1] ∧Xa2l)(a1, . . . , a2l−1) = −
∑
τσ
sgn(τσ)π(aτσ(1) , aτσ(2)) . . . π(aτσ(2l−1), aτσ(2l)),
where τσ runs through all permutations in Rl2 such that τσ(1) < τσ(3) < . . . < τσ(2l − 3) and
τσ(2l) = 2l. Recall that S[2r] is the subset of permutations in R
l
2 such that σ(1) < σ(3) . . . <
σ(2l − 1). By rearranging the order of the terms, we obtain
(π[l−1] ∧Xa2l)(a1, . . . , a2l−1) =
∑
σ∈S[2r]
(sgnσ)π(aσ(1), aσ(2)) . . . π(aσ(2l−1), aσ(2l)).
On the other hand, still by definition
π[l](a1, . . . , a2l) =
∑
σ∈S[2r]
(sgnσ)π(aσ(1), aσ(2)) . . . π(aσ(2l−1), aσ(2l)).
Therefore,
π[l](a1, . . . , a2l) = −π[l−1] ∧Xa2l(a1, . . . , a2l−1).
Q.E.D.
Proposition 3.15. Let σ be a Poisson T-Pfaffian and V a Hamiltonian derivation or a deriva-
tion generated by some element of the Lie algebra of T for the torus action. One has [V, σ] = 0.
Proof. By definition,
[V, σ] = [V, π] ∧ π[r−1] ∧ ∂h1 ∧ . . . ∧ ∂hl +
l∑
i=1
π[r] ∧ ∂h1 ∧ . . . ∧ [V, ∂hi ] ∧ . . . ∧ ∂hl .
If V is Hamiltonian, then [V, π] is zero. On the other hand, V is Hamiltonian implies [V, ∂hi ]
is Hamiltonian. Then π[r] ∧ [V, ∂hi ] is also zero by Proposition 3.14. If V is generated by some
element of the Lie algebra of T for the torus action, then both [V, π] and [V, ∂hi ] are zero.
Q.E.D.
Remark 3.16. It is straightforward to see that the results in this section generalize to T-Poisson
varieties.
3.3. Rank of Poisson CGL extensions. We first recall from [9, Section 1.3] the definition of
Poisson CGL extensions.
Definition 3.17. A Poisson CGL extension is a polynomial algebra k[x1, . . . , xn] with a T-
Poisson structure for which x1, . . . , xn are T-eigenvectors, where T is an algebraic torus, together
with elements h1, . . . , hn ∈ t such that the following conditions are satisfied for 1 ≤ i ≤ n:
(a) For i < j, {xi, xj} = λj(hi)xixj + δi(xj) for some λi ∈ t∗ and some locally nilpotent
derivation δi on k[xi+1, . . . , xn] with δi(xj) ∈ k[xi+1, . . . , xj−1].
(b) The hi-eigenvalue of xi is non-zero, i.e. λi(hi) 6= 0.
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Remark 3.18. A Poisson CGL extension is essentially an affine space equipped with a special
T-Poisson structure. Thus the notions of Poisson T-Pfaffians and Frobenius Poisson T-Pfaffians
make sense for Poisson CGL extensions. In this case, the vector field ∂h generated by an element
h ∈ t is given by
∂h = λ1(h)x1∂1 + λ2(h)x2∂2 + . . .+ λn(h)xn∂n.
Definition 3.19. The Poisson bivector of a Poisson CGL extension, which is written as
π =
∑
i<j
(λj(hi)xixj + δi(xj))∂i ∧ ∂j ,
is called a Poisson CGL bivector field.
Remark 3.20. The bivector field defined by
π0 =
∑
i<j
λj(hi)xixj∂i ∧ ∂j .
is a Poisson bivector field, which is called the log-canonical part of π. The bivector field∑
i<j(δi(xj))∂i ∧ ∂j is not necessarily a Poisson vector field, called the δ-part of π.
Proposition 3.21. The rank of the Poisson bivector π of a Poisson CGL extension is greater
than or equal to that of π0.
Proof. Suppose π[r] = 0 for some non-negative integer r. Let w = π − π0 =
∑
i<j δi(xj)∂i ∧ ∂j .
Then
π[r] = π
[r]
0 +
r−1∑
l=0
π
[l]
0 ∧ w[r−l].
Let 1 ≤ i1 < . . . < i2r ≤ n. For 0 ≤ l ≤ r − 1, one has
π
[l]
0 ∧ w[r−l](dxi1 ∧ . . . ∧ dxi2r)
=
∑
σ∈S2l,2r−2l
π
[j]
0 (dxiσ(1) ∧ . . . ∧ dxiσ(2l))w[r−j](dxiσ(2l+1) ∧ . . . ∧ dxiσ(2r)).
For each σ ∈ S2l,2r−2l, we know that π[l]0 (dxiσ(1)∧. . .∧dxiσ(2l)) is a scalar multiple of xiσ(1) . . . xiσ(2l) .
However w[r−l](dxiσ(2l+1) ∧ . . .∧dxiσ(2r)) does not involve the variable xiσ(2r) since δi(xj) does not
involve the variable xj for every i < j. Therefore the coefficient of xi1 . . . xi2r in π
[l]
0 ∧w[r−l](dxi1∧
. . . ∧ dxi2r ) is zero. As π0(dxi1 ∧ . . . ∧ dxi2r ) is a scalar multiple of xi1 . . . xi2r , our assumption
implies that π0(dxi1 ∧ . . . ∧ dxi2r ) = 0 for every 1 ≤ i1 < . . . < i2r ≤ n. Hence π[r]0 = 0.
Q.E.D.
Let (k[x1, . . . , xn], π) be a Poisson CGL extension. Let ei = xi∂i and V be the n-dimensional
k-vector space with basis {e1, . . . , en}. Then π0, the log-canonical term of π, is represented by
the skew-symmetric matrix Ω− ΩT , where Ω is the n× n strictly upper triangular matrix with
entries λi(hj) for i < j. Suppose the rank of the matrix π0 is 2r, let v1, . . . , vn−2r be n − 2r
elements in V . Note that with the basis ei’s, the vi’s can be regarded as size n column vectors.
One can define an n× (2n − 2r)-matrix M as
M =
(
Ω− ΩT v1 v2 . . . vn−2r
)
.
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Lemma 3.22. The element π
[r]
0 ∧ v1 ∧ . . . ∧ vn−2r ∈ ∧nV is non-zero if and only if M is of full
rank.
Proof. Denote the columns of π0 by w1, . . . , wn. Since the rank of π0 is 2r, without loss of
generality, we may assume that the image of π0 is Span{w1, . . . , w2r}. Since π0 ∈ ∧2 im(π0),
π
[r]
0 is a nonzero multiple of w1 ∧ . . . ∧ w2r. Hence π[r]0 ∧ v1 ∧ . . . ∧ vn−2r 6= 0 if and only if
w1, . . . , w2r, v1, . . . , vn−2r are linearly independent, which is equivalent to saying thatM is of full
rank.
Q.E.D.
Lemma 3.23. Suppose π[r] ∧ ∂hi1 ∧ . . . ∧ ∂hin−2r = f∂1 ∧ . . . ∧ ∂n is non-zero for some integers
{i1, . . . , in−2r} ⊂ [1, n], where f ∈ k[x1, . . . , xn]. Let g = cxt11 . . . xtnn be a non-zero monomial
term in f , where c ∈ k. Then either (t1, t2, . . . , tn) = (1, 1, . . . , 1) or there exists some integer s
in [1, n] such that ts = 0 and tj ≤ 1 for all j > s.
Proof. Following the notation in the proof of Proposition 3.21, write
π[r] ∧ ∂hi1 ∧ . . . ∧ ∂hin−2r =
r∑
l=0
π
[l]
0 ∧w[r−l] ∧ ∂hi1 ∧ . . . ∧ ∂hin−2r .
Then the pairing with dx1 ∧ . . . ∧ dxn of each term in the expansion of the expression
π
[l]
0 ∧ w[r−l] ∧ ∂hi1 ∧ . . . ∧ ∂hin−2r
is equal to a scalar multiple of
(3.1) l∏
j=1
λσ(2j−1)(hσ(2j))xσ(2j−1)xσ(2j)
 r∏
j=l+1
δσ(2j−1)(xσ(2j))
n−2r∏
j=1
λσ(2r+j)(hij )xσ(2r+j)

for some σ ∈ Sn such that σ(2j − 1) < σ(2j) for j = l + 1, l + 2, . . . , r. To prove the statement,
it suffices to prove that when g = cxt11 . . . x
tn
n is a non-zero monomial term in the product above,
where c ∈ k, then either (t1, t2, . . . , tn) = (1, 1, . . . , 1) or there exists some integer s in [1, n] such
that ts = 0 and tj ≤ 1 for all j > s.
In the case when l = r, it is obvious t1 = . . . = tn = 1. In the case when l < r, choose j
in l + 1, l + 2, . . . , r so that σ(2j) is maximal among σ(2l + 2), σ(2l + 4), . . . , σ(2r). Let s be
σ(2j). Then in the second bracket in expression 3.1, the degrees of xs, xs+1, . . . , xn are all zero.
In the product of the first and the third bracket in expression 3.1, the degree of xs is zero and
the degrees of xs+1, . . . , xn are at most one.
Q.E.D.
3.4. Proof of Theorem C. For the convenience of the readers, we first restate the Theorem
C.
Theorem 3.24. If the rank of a Poisson CGL bivector field πX is equal to that of (πX)0, the
log-canonical part of πX , then a Frobenius Poisson T-Pfaffian exists.
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Proof. Suppose π[r] ∧ ∂hi1 ∧ . . . ∧ ∂hin−2r = f∂1 ∧ . . . ∧ ∂n is non-zero. Then by [2, Theorem
1.3.8], a non-zero scalar multiple of it defines a Frobenius splitting if and only if the coefficient
of (x1 . . . xn)
p−1 in fp−1 is a non-zero constant. By Lemma 3.23, we know that the coefficient
of (x1 . . . xn)
p−1 in fp−1 is equal to the p − 1 power of the coefficient of x1 . . . xn in f . Write
π
[r]
0 ∧ ∂hi1 ∧ . . . ∧ ∂hin−2r = g∂1 ∧ . . . ∧ ∂n. From Proposition 3.21 we see that the coefficient
of xj1 . . . xj2r∂j1 ∧ . . . ∧ ∂j2r in π[r] is equal to that in π[r]0 for all {j1, . . . , j2r}. Therefore the
coefficient of x1 . . . xn in f is equal to that in g. But g is just a scalar multiple of x1 . . . xn. So
to prove the statement, we only need to prove that π
[r]
0 ∧ ∂hi1 ∧ . . . ∧ ∂hin−2r is zero.
We know that ∂hj is represented by the size n column vector with the i-th entry being λi(hj).
Denote the n × n strictly upper triangular matrix with i, j-th entry being λi(hj), where i < j,
by Ω. Denote the n × n strictly lower triangular matrix with i, j-th entry being λi(hj), where
i > j, by L. Then the matrix representing (∂h1 . . . ∂hn) is written as Ω + L +D, where D is
the non-singular diagonal matrix with entries λi(hi). Therefore, by Lemma 3.22, to prove the
statement, we only need to prove that the following n× 2n matrix
M =
(
Ω− ΩT Ω+ L+D)
is of full rank. When n = 1, the conclusion is trivial. Suppose the conclusion holds for a general
n. For n+ 1, denote the size n column vector with i-th entry λi(hn+1) by v1, denote the size n
row vector with i-th entry λn+1(hi) by v
T
2 . Then one has
Ω′ =
(
Ω v1
0 0
)
, D′ =
(
D 0
0 λn+1(hn+1)
)
and L′ =
(
L 0
vT2 0
)
.
Therefore the (n+ 1)× (2n+ 2) matrix M ′ is
M ′ =
(
Ω− ΩT v1 Ω+ L+D v1
−v1T 0 v2T λn+1(hn+1)
)
.
Denote the length 2n row vector (−v1T v2T ) by w. If we move the (n + 1)-th column of M ′ to
the last, M ′ becomes (
M v1 v1
w λn+1(hn+1) 0
)
.
Subtract the last column from the second last column gives,(
M 0 v1
w λn+1(hn+1) 0
)
.
By definition we know that λn+1(hn+1) 6= 0. Hence the last row of the matrix above cannot be
a linear combination of the first n rows since the second last entry is zero for each of the first n
rows. Therefore M ′ is also of full rank.
Q.E.D.
3.5. Proof of Theorem D. To prepare for the proof of Theorem D, we first cite the following
Proposition 3.25 and prove the following Lemma 3.26.
Proposition 3.25. [11] Let X be a non-singular variety split by σ ∈ H0(X,ω1−pX ). Then for all
compatibly split subvarieties Y , one has Y ⊂ Z(σ).
20 JUN PENG AND SHIZHUO YU
Lemma 3.26. Let Y be a closed subvariety of a non-singular variety X with ideal sheaf IY . Let
V ∈ H0(X,TX). Then Y is invariant under V if and only if IY,p is invariant under Vp in OX,p
for every closed point p of some open subset U of X.
Proof. It suffices to prove the statement for the affine case. Let X = Spec(A), where A is a
finitely generated k-algebra which is also an integral domain. Suppose Y is given by an ideal I
of A. Suppose in addition that for every a ∈ I, [Vp, a] ∈ Ip for all p ∈ U . That means [Vp, a] is
zero in the quotient Ap/Ip ∼= (A/I)p. Since U is dense, [V, a] actually vanishes in A/I, which
means [V, a] ∈ I. The other direction is obvious.
Q.E.D.
Theorem 3.27. Let X be a non-singular variety over k, V ∈ H0(X,TX) and σ ∈ H0(X,ω−1X ).
Suppose X is split by σp−1 and [V, σ] = 0. Then all compatibly split subvarieties of σp−1 are
invariant under V . Moreover, if the Frobenius splitting is defined by a Poisson T-Pfaffian, then
all compatibly split subvarieties are T-Poisson subvarieties.
Proof. Let D be a compatibly split divisor. We first prove that D must be invariant under V .
Since Dreg, the smooth locus of D, is open in D, we only need to prove the statement locally on
Dreg. Let p be a closed point of Dreg. Choose local parameters z1, . . . , zn of X such that D is
locally defined by z1 = 0. Denote 〈z1〉 by I. Then
V =
n∑
i=1
gi
∂
∂zi
, for some gi ∈ OX,p ⊂ k[[z1, . . . , zn]]
and
σ = f
∂
∂z1
∧ . . . ∧ ∂
∂zn
, for some f ∈ OX,p ⊂ k[[z1, . . . , zn]].
By Proposition 3.25, this implies that f = tm1 h for some h and m ≥ 1. Here we choose m to
be maximal. Since σ defines a Frobenius splitting, m cannot be a multiple of p. On the other
hand, by direct calculation, [V, σ] = 0 implies
0 =
n∑
i=1
∂
∂zi
(gif) =
n∑
i=1
∂
∂zi
(giz
m
1 h) = mg1hz
m−1
1 + z
m
1
n∑
i=1
∂
∂zi
(gih).
Therefore g1h ∈ I. Because m is chosen to be maximal, it follows that g1 ∈ I. Let l ∈ OX,p,
then
[V, z1l] =
n∑
i=1
gi
∂
∂zi
(z1l) = g1l +
n∑
i=1
z1gi
∂l
∂zi
∈ I.
Hence D is invariant under V .
Next we prove the statement by induction on the dimension of X. The case where dim(X) = 1
follows from above. Suppose the statement holds for all X with dim(X) < n, we consider the
case where dim(X) = n. By our assumption, X is split by a p − 1 power. The compatibly split
codimension 1 subvarieties are exactly the irreducible components of Z(σ), say, D1, . . . ,Dm. Let
Y be a compatibly split subvariety, then Y ⊂ ⋃Di. Let Yi be the scheme-theoretic intersection
of Y and Dregi . Since Di and Y are compatibly split, the splitting of X restricts to a splitting of
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Dregi , compatibly splitting Yi. Since dim(D
reg
i ) < n, by induction hypothesis, we conclude that
Yi is invariant under V .
The ideal sheaf IY is the product of the IYi ’s. Let fi be a section of IYi . By the product rule
one has [V, f1 . . . fm] =
∑m
i=1 f1 . . . f̂i . . . fm[V, fi]. Therefore Y is invariant under V .
To prove the second part of the theorem, suppose the splitting is defined by a Poisson T-
Pfaffian σ and let Y be a compatibly-split subvariety. Then [V, σ] = 0 by Proposition 3.15,
where V is any Hamiltonian vector field or generating vector field of the T-action. Hence, by the
first part of the theorem, Y is invariant under all Hamiltonian vector fields or generating vector
fields of the T-action. But this just means Y is a T-Poisson subvariety.
Q.E.D.
4. A Frobenius Splitting of G/U via Poisson T -Pfaffian
4.1. Frobenius Splitting of Bott-Samelson varieties via Poisson T -Pfaffians. Let G be
a simply-connected semi-simple algebraic group over an algebraically closed field k of arbitrary
characteristic. Let u = (sα1 , . . . , sαn) = (s1, . . . , sn) be any word in W = NG(T )/T , the Weyl
group of G. Recall that the Bott-Samelson variety Zu associated to the word u is defined to be
the quotient space of Pu = Pα1 × · · · × Pαn ⊂ Gn by the Bn action on Pu given by
(p1, . . . , pn) · (b1, . . . , bn) = (p1b1, b−11 p2b2, . . . , b−1n−1pnbn),
where pi ∈ Pαi and bi ∈ B for all 1 ≤ i ≤ n. It is well known that Zu is an n-dimensional
non-singular projective variety [2, Section 2.2].
Recall that a sub-expression of a word u = (s1, s2, . . . , sn) is an element γ ∈ {e, s1}×{e, s2}×
. . .×{e, sn}, where e is the identity element in W . The set of all sub-expressions of u is denoted
by Υu. Each γ = (γ1, . . . , γn) ∈ Υu determines an open embedding to Zu via
(4.1) Φγ : kn → Zu, (z1, . . . , zn) 7→ [u−γ1(α1)(z1)γ˙1, . . . , u−γn(αn)(zn)γ˙n].
The image of Φγ will be denoted by Oγ . The atlas {(Oγ ,Φγ) : γ ∈ Υu} will be called the
standard atlas on Zu.
There is a natural T -action on Zu given by
(4.2) t · [p1, p2, ..., pn] = [tp1, p2, ..., pn], t ∈ T, pi ∈ Pαi , 1 ≤ i ≤ n.
Moreover, by direct computation we see that Oγ is T -invariant for each γ ∈ Υu with
t · Φγ(z1, . . . , zn) = Φγ(t−γ1(α1)z1, . . . , t−γn(αn)zn),
where γi := γ1γ2 . . . γi ∈W for 1 ≤ i ≤ n.
For the case k = C, recall from [7, Section 2.2] that the product Poisson structure πnst on Pu
projects to a well-defined Poisson structure πu on Zu, which is invariant under the T -action.
Therefore, (Zu, πu) is a T -Poisson variety. The following theorem is proved in [7, Theorem 4.14]
[7, Theorem 5.12] for the case k = C.
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Theorem 4.1. For any γ = (γ1, . . . , γn) ∈ Υu, in the coordinates (z1, . . . zn) on the affine chart
Oγ of Zu, the Poisson structure πu is given by
{zi, zk} =
{
〈γi(αi), γk(αk)〉zizk, if γi = e
−〈γi(αi), γk(αk)〉zizk − 〈αi, αi〉δi(zk) if γi = si
, 1 ≤ i < k ≤ n,
where δi is some vector field on Z(si+1,...,sn), and (zi+1, . . . , zn) are regarded as coordinates on
O(γi+1,...,γn) ⊂ Z(si+1,...,sn) in the expression δi(zk) for k ≥ i + 1. Moreover, (C[Oγ ], πu|Oγ ) is a
Poisson CGL extension for each γ ∈ Υu with the hi-eigenvalue of zi given by λi(hi) = 〈αi, αi〉
if γi = e and λi(hi) = −〈αi, αi〉 if γi = si.
Remark 4.2. As mentioned in [7, Section 1.2], the formula in Theorem 4.1 is algebraic and of
integral coefficients.
From now on let G be a simply-connected semi-simple algebraic group over an algebraically
closed field k of characteristic p > 3, equipped with the standard Poisson structure defined in
Definition 2.7. The Weyl group of G is naturally isomorphic to the Weyl group of its complex
counterpart. We want to point out that the proof of Proposition 2.2, which is carried out on
the Lie algebra level, does not depend on the characteristic of the ground field and can be
naturally adapted to the non-singular algebraic case. Therefore the product Poisson structure
projects to a well-defined Poisson structure on Bott-Samelson varieties and G/U in this positive
characteristic case as well. By the same reasoning, Bott-Samelson varieties and G/U over k are
T -Poisson varieties. See also [7, Remark 5.21] for reference.
Moreover, the computation of the local expression of the Poisson bracket in Theorem 4.1, which
is again carried out at the Lie algebra level in the Chevalley basis, can naturally be adapted to
the positive characteristic case via reduction modulo p. Therefore when G is a simply-connected
semi-simple algebraic group over an algebraically closed field of characteristic p > 3, the Poisson
bracket on Zu in the charts defined by (4.1), where u is a word of the Weyl group of G, shares
the same formula as the Poisson bracket on Zu, where u is regarded as a word of the Weyl
group of the complex counterpart of G. Since p > 3, 〈αi, αi〉 is non-zero modulo p. Hence in
characteristic p, the Poisson structure on the chart Oγ is also a Poisson CGL extension for each
γ ∈ Υu.
Theorem 4.3. A Frobenius Poisson T -Pfaffian exists on (Zu, πu) and is unique up to scalar
multiple. Moreover, it vanishes on all the sub-Bott-Samelson variety Z
u[i].
Proof. The existence and uniqueness follows from Proposition 3.24 and Theorem 4.1. In the
standard atlas, the Poisson T -Pfaffian on the open subset Oe of Zu is expressed as a scalar
multiple of
z1z2 . . . zn
∂
∂z1
∧ . . . ∧ ∂
∂zn
.
The last claim follows from the fact that zi is the local defining equation for the sub-Bott-
Samelson variety Z
u[i] in Oe.
Q.E.D.
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Remark 4.4. As the Frobenius Poisson T -Pfaffian in Theorem 4.3 vanishes on all the sub-Bott-
Samelson variety Z
u[i], it provides a choice of anti-canonical section in [2, Theorem 2.2.3].
4.2. Proof of Theorem E. To prepare for the proof of Theorem E, we first prove the following
Theorem 4.5.
Theorem 4.5. A Frobenius Poisson T -Pfaffian exists on (G/B, πG/B) and is unique up to scalar
multiple.
Proof. Recall from §2.3 that (G/B, πG/B) is a T -Poisson variety. Let w0 be the longest element
of W . Given a reduced word w0 = s1s2...sn, we get a sequence of simple reflections w0 =
(s1, s2, ..., sn). Let µw0 be the morphism Zw0 → G/B defined by
(4.3) µw0 : Zw0 → G/B, [p1, p2, ..., pn] 7→ p1p2...pn.B.
It is obvious that µw0 is T -invariant under (4.2). Denote by pw0 the projection Pα1× . . .×Pαn →
Zw0 . We know that pw0 is surjective and Poisson. Since µw0 ◦pw0 equals the composition of the
multiplication map Pα1 × . . .× Pαn → G with the projection map G→ G/B, the map
µw0 ◦ pw0 : (Pα1 × . . .× Pαn , πnst)→ (G/B, πG/B)
is Poisson. Therefore the morphism
µw0 : (Zw0 , πw0)→ (G/B, πG/B)
is Poisson. In addition, Oe ⊂ Zw0 is T -invariant under (4.2) and µw0 restricts to a T -equivariant
isomorphism from Oe to Bw0B/B ∩ B−B/B ⊂ G/B. It follows from Theorem 4.3 that a
Frobenius Poisson T -Pfaffian exists on G/B and is unique up to scalar multiple.
Q.E.D.
For the convenience of the readers, we restate Theorem E.
Theorem 4.6. There exists a unique (up to scalar multiples) Poisson T -Pfaffian σ on (G/U, πG/U)
and σp−1 induces a Frobenius splitting on G/U .
Proof. Let w0 be the longest element ofW . We know from Theorem 4.5 that a Frobenius Poisson
T -Pfaffian exists for (Bw0B/B, πG/B). Suppose it is given by
(4.4) σ = π
[r]
G/B ∧ vx1 ∧ . . . ∧ vxn−2r
where x1, . . . , xn ∈ t. Now let x˜i = (xi, 0) ∈ t⊕ t. Suppose the rank of T is m. For i = 1, . . . ,m,
let yi = (0, ei) ∈ t⊕ t, where ei ∈ km is 1 on the i-th spot and 0 elsewhere. Here we have made
the identification between km and t via (k×)m ∼= T . Consider the section
σ˜ = π
[r]
G/U ∧ vx˜1 ∧ . . . ∧ vx˜n−2r ∧ vy1 ∧ . . . ∧ vym ∈ H0(G/U,ω−1G/U).
SinceBw0B/U is a T -invariant open subset ofG/U , we may regard πG/U as a Poisson structure on
Bw0B/U and vx as a generating vector field for the T -action on Bw0B/U . Then the restriction
of σ1 on Bw0B/U is given by the same expression as the corresponding restricted πG/U and v.
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Choose a reduced word for w0 = s1s2...sn and get a sequence of simple reflections w0 =
(s1, s2, ..., sn). In the toric coordinates (ϕ
e
w0
)−1 on (Bw0B/B ∩B−B/B) defined by
ϕe
w0
: (k×)n → Bw0B/B ∩B−B/B, (z1, ..., zn) 7→ (µw0 ◦ Φe)(z1, ..., zn),
where Φe is defined in (4.1) and µw0 is defined in (4.3), we know from the previous section that
σ in (4.4) is given by a scalar multiple of
z1 . . . zn
∂
∂z1
∧ . . . ∧ ∂
∂zn
.
With respect to the diagonal action of T on T × (Bw0B/B), the map
κw˙0 : Bw0B/U → T × (Bw0B/B)
defined by (2.7) is a T -equivariant isomorphism. Then
κw˙0 σ˜ = (κw˙0πG/U)
[r] ∧ vx˜1 ∧ . . . ∧ vx˜n−2r ∧ vy1 ∧ . . . ∧ vym .
Here v represents the generating vector field for the T -action on (Bw0B/B)× T .
Now consider the parametrization
(k×)m × (k×)n → T × (Bw0B/B ∩B−B/B).
Denote the coordinates on T by t1, . . . , tm. It is obvious that vyi = ti
∂
∂ti
. Therefore
vy1 ∧ . . . ∧ vym = t1 . . . tm
∂
∂t1
∧ . . . ∧ ∂
∂tm
.
On the other hand, it follows from Proposition 2.13 that the expression of κw˙0πG/U must be of
the form
πG/B +
∑
i,j
fij
∂
∂zi
∧ ∂
∂tj
.
Since the πG/B terms are the only terms in κw˙0πG/U that do not involve
∂
∂tj
, we must have
κw˙0σ˜ =π
[r]
G/B ∧ vx˜1 ∧ . . . ∧ vx˜n−2r ∧ vy1 ∧ . . . ∧ vym
=z1 . . . znt1 . . . tm
∂
∂z1
∧ . . . ∧ ∂
∂zn
∧ ∂
∂t1
∧ . . . ∧ ∂
∂tm
.
Hence κw˙0σ˜ gives a Frobenius splitting on (Bw0B/B)×T , which implies that σ˜ gives a Frobenius
splitting on Bw0B/U and hence on G/U .
Proposition 2.13 implies that κw˙0πG/U is log-canonical in the same parametrization as above.
Now σ˜ is a Poisson T -Pfaffian and uniqueness also follows from the the local expression of κw˙0 σ˜.
Q.E.D.
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